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We study theoretically the strong-field absorption of an ultrafast optical pulse by a gapped
graphene monolayer. At low field amplitudes, the absorbance in the pristine graphene is equal
to the universal value of 2.3 percent. Although the ultrafast optical absorption for low field am-
plitudes is independent of the polarization, linear or circular, of the applied optical pulse, for high
field amplitudes, the absorption strongly depends on the pulse polarization. For a linearly polarized
pulse, the optical absorbance is saturated at the value of ≈ 1.4 percent for the pulse’s amplitude
of ≥ 0.4 V/A˚, but no such saturation is observed for a circularly polarized pulse. For the gapped
graphene, the absorption of a linearly polarized pulse has a weak dependence on the bandgap, while
for a circularly polarized pulse, the absorption is very sensitive to the bandgap.
I. INTRODUCTION
The progress in generation of ultrafast intense laser
pulses provides powerful tools to observe the highly-
nolinesr, strong-field phenomena in solids and expand the
field of strong-field optics to both small time scales and
high field intensities1–16. Some of such strong-field phe-
nomena are high harmonic generations, the ultrafast ion-
ization, the nonlinear current generations, and the non-
linear optical absorption17–22.
Graphene is a well known two dimensional (2D) solid
made of a single layer of carbon atoms. It has a hon-
eycomb crystal structure with two inequivalent sublat-
tices, A and B23,24. The first Brillouin zone (BZ) of
graphene is a hexagon and the corresponding energy dis-
persion is gappless at two Dirac points, K and K ′, with
the massless relativistic energy dispersion23–26. The elec-
tron states at the Dirac points are chiral. They are char-
acterized by nontrivial Berry phases ±pi, which are oppo-
site at the K and K ′ points15,27–29. The corresponding
Berry curvature is non-zero only at the Dirac points, at
which it has a δ-type singularity. For other 2D mate-
rials with the honeycomb crystal structure but with a
finite bandgap, such as monolayers of transition metal
dichalcogenides (TMDCs), the Berry curvature is non-
zero within finite regions near the K and K ′ points with
the maxima at these points.15,29. Thus, opening the
bandgap in graphene-like materials broadens the Berry
curvature in the K and K ′ valleys. Such broadening
results in the effect of topological resonance30, which oc-
curs during ultrafast electron dynamics and is due to the
compensation of the dynamic phase and the topological
phase .
The gapped graphene has a broken inversion symme-
try: the point symmetry group reduced from D6h for
graphene to D3h. Consequently, a bandgap opens up at
the K points. Previously, we have shown that, due to
the existence of the bandgap, the topological resonance
appears in strong fields. Consequently, a femtosecond in-
tense optical pulse generates a large valley polarization30,
which is not related to the electron spin and the spin-
orbit coupling (SOC).
Also, in the gapped graphene, in addition to the field-
driven longitudinal current, there is a transverse current
in the direction normal to the the applied field31. This
transverse current is also due to breaking of the inver-
sion symmetry; consequently, it strongly depends on the
bandgap.
One of the important characteristics of the interaction
of an optical pulse with solids is the absorption coeffi-
cient. For the pristine graphene, in the linear regime,
approximately 2.3 percent of the incident light energy is
absorbed. In a sharp contrast, the nonlinear absorption,
which was measured for a 80-fs optical pulse, showed a
saturable behavior20–22. For such a long pulse, the elec-
tron dynamics in the field of the pulse is incoherent, and
scattering and relaxation processes are important. Here,
we study the absorption by the gapped graphene for an
ultrashot optical pulse with the duration of just a few
femtoseconds. For such a short pulse, the electron dy-
namics is coherent, and the system exhibits new features
related to the topological resonance. To describe differ-
ent types of the graphene-like materials ,we consider the
model of gapped graphene with a variable bandgap. The
bandgap can be opened, for example, by applying the
staggered potential, which can be realized by epitaxially
growing graphene on a SiC substrate.
II. MODEL AND MAIN EQUATIONS
We consider electron dynamics in the field of the pulse
with the duration of just a few femtoseconds. Taking into
account that electron scattering times in graphene are of
the order of or longer than 10 fs – see Refs. 32–37, we
neglect the electron collisions and assume that the elec-
tron dynamics is coherent. Such dynamics is described
by time-dependent Schro¨dinger equation (TDSE)
i~
dΨαq
dt
= H(t)Ψαq , H(t) = H0 − eF(t)r, (1)
where F(t) is the electric field of the pulse, and e is elec-
tron charge. Here we assume that the electron initially
(before the pulse) is in the band α (α = v for the valence
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2band (VB) and α = c for the conduction band (CB))
with crystal momentum q.
Field-free Hamiltonian H0 is the nearest-neighbor two-
band tight binding Hamiltonian of gapped graphene38–40
H0 =
(
∆g/2 γf(k)
γf∗(k) −∆g/2
)
, (2)
where ∆g is the band gap, γ = −3.03 eV is the hopping
integral, and
f(k) = exp
(
i
aky√
3
)
+ 2 exp
(
− i aky
2
√
3
)
cos
(akx
2
)
, (3)
where a = 2.46 A˚ is the lattice constant.
The energies of CB and VB can be found from Hamil-
tonian H0 and are given by the following expression
Eα(k) = ±
√
γ2 |f(k)|2 + ∆2g/4 , (4)
where signs ± stand for CB (α = c) and VB (α = v),
respectively.
The applied electric field generates both intraband
and interband electron dynamics. The intraband dy-
namics is described by the Bloch acceleration theorem41,
which determines the time-dependent electron wavevec-
tor, k(q, t), as follows
k(q, t) = q+
e
~
∫ t
−∞
F(t′)dt′, (5)
where q is the initial electron wavevector. In relation to
the Bloch trajectories (5), we also define the separatrix
as a set of initial points q for which the electron trajec-
tories pass precisely through the corresponding K or K ′
points42. Its parametric equation is
q(t) = K− k(0, t), or q(t) = K′ − k(0, t), (6)
where t ∈ (−∞,∞) is a parameter.
To determine the the intraband electron dynamics, we
solve TDSE in terms of the Houston functions43, which
are adiabatic solutions for intraband dynamics,
Φ(H)αq (r, t) = Ψ
(α)
k(q,t)(r) exp
(
iφ(d)α (q, t) + iφ
(B)
α (q, t)
)
,
(7)
where Ψ
(α)
k(q,t) are the Bloch functions. Here the dynamic
phase, φ
(D)
α , and the geometrical phase, φ
(B)
α , are defined
as
φ(D)α (q, t) =
−1
~
∫ t
−∞
dt′ (Eα[k(q, t′)]) , (8)
φ(B)α (q, t) =
−e
~
∫ t
−∞
dt′F (Aαα[k(q, t′)]) . (9)
In Eq. (9), Aαα =
〈
Ψ
(α)
q |i ∂∂q |Ψ(α)q
〉
is the intraband
Berry connection for band α, which in this model can
be found analytically as
Accx (k) =
−aγ2
γ2|f(k)|2 + (∆g/2− Ec)2 sin
3aky
2
√
3
sin
akx
2
(10)
Accy (k) =
aγ2√
3(γ2|f(k)|2 + (∆g/2− Ec)2)
×
(
cos akx − cos
√
3aky
2
cos
akx
2
)
(11)
Avvx (k) =
−aγ2
γ2|f(k)|2 + (∆g/2 + Ec)2 sin
3aky
2
√
3
sin
akx
2
(12)
Avvy (k) =
aγ2√
3(γ2|f(k)|2 + (∆g/2 + Ec)2)
×
(
cos akx − cos
√
3aky
2
cos
akx
2
)
(13)
The general solution of TDSE (1) can be expanded in the
basis of the Houston functions as
Ψq(r, t) =
∑
α=c1,c2,v
βαq(t)Φ
(H)
αq (r, t), (14)
where βαq are the expansion coefficients, which satisfy
the following system of coupled differential equations
i~
∂Bq(t)
∂t
= H ′(q, t)Bq(t) . (15)
Here the wave function (the vector of state) Bq(t) and
Hamiltonian in the interaction representationH ′(q, t) are
defined as
Bq(t) =
[
βcq(t)
βvq(t)
]
, (16)
H ′(q, t) = −eF(t)Aˆ(q, t) , (17)
Aˆ(q, t) =
[
0 Dcv(q, t)
Dvc(q, t) 0
]
. (18)
The non-Abelian Berry connection matrix elements,
Acv = (Acvx ,Acvy ), which are proportional to the inter-
band dipole matrix elements, are given by the following
expressions
Acvx (k) = N
(
−a
2|f(k)|2
)(
sin
akx
2
sin
a
√
3ky
2
+i
∆g
2Ec
(
cos
a
√
3ky
2
sin
akx
2
+ sin akx
))
(19)
Acvy (k) = N
(
a
2
√
3|f(k)|2
)(
− 1− cos a
√
3ky
2
cos
akx
2
+2 cos2
akx
2
− i3∆g
2Ec
sin
a
√
3ky
2
cos
akx
2
)
(20)
3where
N = |γf(k)|√
∆2g
4 + |γf(k)|2
. (21)
In the presence of a strong field, we solve the TDSE
(15) with initial conditions that the VB is initially fully
occupied and the CB is completely empty. From these
solutions we can find the residual CB population and
find the energy absorbed by graphene monolayer. The
corresponding absorbance is defined as
A =
∫ |βcq(t =∞)|2Ec(q)dq
2pi2c0
∫∞
−∞ |F|2dt
, (22)
where c is speed of light in vacuum, and 0 is the dielectric
permittivity of the surrounding medium.
Below we present the results for a gapped graphene
monolayer for both linearly- and circularly-polarized
pulses.
III. RESULTS
A. Linearly polarized ultrafast pulse
First, we consider a linearly-polarized optical pulse
that consists of a single oscillation and is polarized along
the x axis, F(t) = (Fx(t), 0). The waveform of this pulse
is set as
Fx(t) = F0
(
1− 2u2) exp (−u2) (23)
where F0 is the amplitude of the pulse, and τ = 1 fs is
the characteristic time of the optical oscillation.
The calculated absorbance as a function of the field
amplitude is shown in Fig. 1 for different values of the
bandgap, ∆g. For the pristine graphene, ∆g = 0, the
absorbance takes the universal value of piα ≈ 2.3 per-
cent (α = 1137 is the fine structure constant) for the field
amplitudes as small as 0.002 V/A˚.
With increasing the field amplitude, F0, the ab-
sorbance decreases for small ∆g, ∆g . 1.5 eV, and in-
creases for large ∆g, ∆g & 1.5 eV. Finally, it reaches the
saturated value of ≈ 1.5 percent at F0 & 0.5 V/A˚ – see
Fig. 1(a). Visible suppression of absorbance at small ∆g
with increasing the field amplitude can be understood by
looking at the CB population distribution for different
field amplitudes 0.002, 0.2, 0.6, and 1 V/A˚ - see Fig. 2,
where the results are shown for pristine graphene.
The CB population distribution is determined by
the properties of the interband dipole matrix element
(non-Abelian Berry connection). Namely, for pristine
graphene, the x component of the interband dipole ma-
trix element has singularities at the Dirac points, K and
K ′, of type qy/(q2x + q
2
y), where (qx, qy) is the wavevector
defined relative to the corresponding Dirac point. Thus
the interband coupling in this case is strongly localized
FIG. 1. (Color online) Absorbance in gapped graphene
(a) as a function of the field amplitude for ∆g =
0, 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2 eV and (b) as a
function of bandgap for F0 = 0.002, 0.3, 0.6, 1 V/A˚. The
applied optical pulse is linearly polarized along x direction.
FIG. 2. (Color online) Residual CB population of graphene
with ∆g = 0 induced by a linearly polarized pulse in x direc-
tion. The field amplitude is (a) 0.002, (b) 0.2, (c) 0.6, and
(D) 1 V/A˚. The white dash line indicates the boundary of
the first Brillouin zone.
at the Dirac points. As a result, if during the pulse an
electron passes through the region that is very close to
the Dirac point, then strongly localized interband cou-
pling rotates the electron pseudospin by 1800. It means
that if before the passage the electron is in the VB then
after the passage the electron is completely transferred to
the CB and vice versa. The double passage of the Dirac
point leaves the electron in the original state, i.e., in the
VB.
Due to this property of the interband coupling, the
CB population distribution has the following structure.
4For the field amplitude as small as 0.002 V/A˚, near each
Dirac point, there are two hot spots [see Fig. 2 (a)], i.e.,
regions with large CB population, one above and another
below the Dirac point. They are separated by dark re-
gions, which, as mentioned above, are due to singularity
of the dipole matrix elements at the Dirac points. With
increasing the field amplitude each bright spot transforms
into a set of dark and bright fringes [see Fig. 2 (b)-(d)],
which are due to interference effects. The first appear-
ance of such an interference pattern occurs at a field am-
plitude of F
(1)
0 that can be calculated as
F
(1)
0 ≈ 2
~ω2
evF
, (24)
where ω is the characteristic carrier frequency of the
pulse, and vF ∼ αc = e2/~ is the Fermi velocity of elec-
trons. For ~ω ≈ 1.6 eV, we obtain F (1)0 ≈ 0.3 V/A˚. This
is in a qualitative agreement with the calculation results
illustrated in Fig. 2 (b)]. Note that the same field am-
plitude of ∼ F (1)0 determines the onset of the saturation
of the absorbance – cf. Fig. 1(a). Additionally, one can
also evaluate the separation between the fringes in the
reciprocal space, ∆k, as
∆k =
2ω
vF
. (25)
Note that this separation does not depend on the pulse
amplitude, which defines the number of fringes estimated
as ≈ F0/F (1)0 . Estimating from Eq. (25), for ~ω = 1.6 eV,
we obtain ∆k ≈ 0.2 A˚−1. This is in a good quantitative
agreement with Fig. 2(c), (d).
As a function of the bandgap, ∆g, the absorbance
shows different types of behavior at small and large field
amplitudes, F0, – see Fig. 1. At large F0, F0 & ∆g/a,
where a is the lattice constant, the absorbance is almost
independent of the bandgap, while at smaller F0 the ab-
sorbance has strong nonmonotonic a dependence on ∆g –
see Fig. 1(b). The origin of such a dependence can be un-
derstood from the CB population distribution, which is
shown in Fig. 3 for the field amplitude of F0 = 0.002 V/A˚
and various bandgaps. For small ∆g, the CB population
has two maxima above and below the K and K ′ points.
As mentioned above, in pristine graphene, i.e., at zero
bandgap, these maxima are due to singularities of the in-
terband dipole matrix element at the Dirac points. At a
finite bandgap, the interband coupling is regular and has
a single maximum at each Dirac point with the maximum
value that is inversely proportional to the bandgap. As a
results, with increasing the bandgap, the CB population
distribution transforms from the two-maxima structure
near each Dirac points into a single-maximum structure
at the Dirac points, which occurs at ∆g ≈ 1 eV. In such
a case, the absorbance increases with ∆g – see Fig. 1(b).
After that, when the bandgap increases further, the in-
terband coupling at the Dirac point decreases, which sup-
presses both the CB population [see Fig. 3(d)] and the
absorbance.
FIG. 3. (Color online) Residual CB population distribution
for gapped graphene with the bandgap of ∆g = 0, 0.5, 1, and
2 eV. The optical pulse is linearly polarized along x direction.
The amplitude of the pulse is 0.002 V/A˚. The CB population
distributions are shown near the K and K′ points.
FIG. 4. (Color online) Absorbance of pristine graphene as a
function of the field amplitude for different values of τ , τ =
1, 1.5, 2 fs.
Another parameter of the pulse, which determines the
absorbance of the system, is the duration of the pulse,
τ that determines its carrier frequency, ω ∼ 1/τ . The
dependence of the absorbance on τ is shown in Fig. 4
for pristine graphene with a zero bandgap. The results
are shown as a function of the field amplitude. We can
see from the figure that the saturated value of the ab-
sorbance, which is ≈ 1.4 percent and is achieved at large
field amplitudes, does not depend on the duration of the
5pulse, τ . At the same time, the field amplitude, at which
the saturated value is achieved, depends on τ . Namely,
with increasing τ (or, decrease of ω ∼ 1/τ , the saturated
value is achieved at a smaller field amplitude F0. We can
reasonably assume that the saturtion is also related to
the formation of the interference fringes in the electron
lattice-momentum distribution. In such a case, the field
at which the saturation sets on is given by F
(1)
0 ∝ 1/τ2
– see Eq. (24). This scaling is in a reasonable agreement
with the numerical results of Fig. 4.
B. Circularly polarized ultrafast pulse
Here, we consider absorption of a single-oscillation
circularly-polarized pulse. The profile of the pulse,
F(t) = {Fx(t), Fy(t)}, is defined by the following expres-
sions
Fx(t) = F0
(
1− 2u2) exp (−u2) (26)
Fy(t) = 2F0u exp
(−u2) , (27)
where F0 is the amplitude of the pulse and u = t/τ .
The absorbance for a circularly polarized pulse is
shown in Fig. 5(a) as a function of the field amplitude,
F0, for different bandgaps. The absorbance does not sat-
urate at large values of F0, in a sharp contrast to the case
of the linearly polarized pulse. At all field amplitudes the
absorbance has strong dependence on the bandgap. For
small ∆g, ∆g . 1.5 eV, the absorbance first decreases
with F0, reaches its minimum value, and then increases.
For large bandgaps, ∆g & 1.5 eV, the absorbance mono-
tonically increases with F0.
The origin of nonmonotonic dependence of the ab-
sorbance at small values of ∆g can be understood from
the CB population distribution shown in Fig. 6 for pris-
tine graphene. At small field amplitudes, F0 . 0.1 V/A˚,
the CB population at each Dirac point, K or K ′, has
a single-peak structure localized at the corresponding
Dirac point. Within this range of F0, the absorbance
decreases with F0. Then, at F0 ≈ 0.1 V/A˚, a single peak
structure of the CB population distribution transforms
into an arc that is a caustic, i.e., an image of the sep-
aratrix whose size is proportional to F0 – see Refs. 14
and 44. With this structure of the CB population, the
absorbance increases with F0. Finally, the absorbance
reaches its maximum at F0 ≈ 0.75 V/A˚. This is the value
of F0 at which the CB population distribution shows the
first interference fringes – see Fig. 6(c). Such an interfer-
ence pattern is clearly visible at large field amplitudes –
see Fig. 6(d). It is due to the Bloch trajectories crossing
the K,K ′-valley boundaries, which is likely to limit the
absorbance.
Similar to the case of a linearly polarized pulse, the
absorbance for a circularly polarized pulse shows non-
monotonic dependence on the bandgap at small field am-
plitudes – see Fig. 5(b). Namely, the absorbance first
increases with ∆g and then decreases. Such behavior is
FIG. 5. (Color online) Absorbance in gapped graphene with
tunable bandgap (a) as a function of the field amplitude for
∆g = 0, 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2 eV and (b) as
a function of the bandgap for F0 = 0.002, 0.3, 0.6, 1 V/A˚.
The optical pulse is circularly polarized.
FIG. 6. (Color online) Residual CB population of graphene
with ∆g = 0 induced by a circularly polarized pulse with
different amplitudes 0.002, 0.1, 0.75, and 1 V/A˚ for panels
(a)-(d), correspondingly. The white dash line indicates the
boundary of the first Brillouin zone.
consistent with CB population distribution shown in Fig.
7 for the field amplitude of F0 = 0.002 V/A˚.
IV. CONCLUSIONS
The ultrafast absorption of optical pulses in gapped
graphene is determined by specific properties of ultrafast
electron dynamics, both intraband and interband, in the
field of the pulse. Such dynamics strongly depends on
polarization of the optical pulse, whether it is linear or
6FIG. 7. (Color online) Residual CB population of gapped
graphene induced by a circularly polarized pulse with the am-
plitude of 0.002 V/A˚. The bandgap is 0, 0.5, 1, and 2 eV, as
indicated in the corresponding panels. The white dash line
indicates the boundary of the first Brillouin zone.
circular. There is a fundamental difference between these
two types of single-oscillation pulses. isIn fact, the elec-
tron Bloch trajectory in the reciprocal space passes twice
though the region near the K,K ′-points (where the in-
terband coupling is large) for the linear polarization and
only once for the circular polarization. As a result, the
interference pattern with the dark and bright fringes is
clearly visible in the CB population distribution for a lin-
early polarized pulse but no such interference is observed
at small field amplitudes for a circularly polarized pulse
in agreement with earlier results14,44. Due to this effect,
the absorption of the linearly- and circularly-polarized
pulses is different. Such a difference is well pronounced
for relatively large field amplitudes, F0 & 0.1 V/A˚. For
small field amplitudes, the absorbance for both types of
polarization behaves similarly. This is because for small
field amplitudes the size of the electron displacement in
the reciprocal space is less than or comparable to the size
of the region with the large interband coupling. In this
case, during the whole trajectory, both for linearly and
circularly polarized pulses, there is a strong (or weak)
interband coupling. Thus no interference pattern can be
formed and no difference between the linear and circular
polarizations is observed.
At large field amplitude, when the interference pattern
is formed for linearly polarized pulses, the main differ-
ences between the circularly and linearly polarized pulse
can be summarized as follows. While for linearly po-
larized pulse the absorbance as a function of the pulse
amplitude is saturated at ≈ 1.4 percent, for circularly
polarized pulse the absorbance does not show any satu-
ration. The absorbance of a circularly polarized pulse can
reach the value of as much as 4 percent. As a function
of the bandgap, the absorbance of a linearly polarized
pulse has weak dependence on ∆g, while the absorbance
of a circularly polarized pulse strongly depends on the
bandgap.
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